We establish certain properties of automorphisms on an inclusion of AFD type II, factors with finite index and finite depth and discuss their applications toithe classification problem of AFD type III subfactors, including a different proof of a result on subfactors with principal graph Dn .
INTRODUCTION
It is a well-known fact that automorphisms play an important role in the study of von Neumann algebras as exemplified by their usefulness in the classification of AFD factors in [2, 3] .
The importance of automorphisms of subfactors, however, has begun to emerge only recently, as the results [19, 13] show that automorphisms are also useful in the classification of certain AFD type III, subfactors for A E (0, 1].
Recall that, for an inclusion N c M of III, factors, A 5 0, possessing a common discrete or continuous decomposition, there are two associated towers of higher relative commutants, one coming from N c M and the other from the corresponding type II inclusion. The former tower is always embedded in the second one and can be realized as the pair of simultaneous fixed-point algebras of a certain class of automorphisms acting on the second tower (cf. [13]).
In general, these two towers alone do not entirely determine the conjugacy class of the type III subfactor. In this note we show that if we fix the type III and the type II towers, then there can only be finitely many AFD subfactors with identical derived towers in the type III, case, whereas there is either a unique or an uncountable number of such subfactors in the III1 case.
In [6] Izumi and Kawahigashi have shown that the number of nonconjugate AFD type I1 subfactors with Db, n > 4, as the principal graph is n -2 by computing explicitly the connection introduced by Ocneanu in [15] . These subfactors are in a one-to-one correspondence to the elements of a certain third cohomology group according to a result of Popa in [18] . We will give a proof of this result using automorphisms. (1) aj is an automorphism on Bjf n B c Bjf n A;
MAIN RESULTS

Let B c A be factors andAut(A, B) = {a E Aut(A); a(B)
(2) aj extends aj -;
(3) aj is trace-preserving for each j;
(4) 'a(e-k)= e-k for 0 < k < j -1.
As a group, ' is independent of the choice of the tunnel, and there exists a continuous homomorphism F: Aut(A, B) -, ', called the standard homomorphism, such that Ker(CF) = Int(A, B) (cf. [9, 13]).
Our first observation is that, for finite depth inclusions, the corresponding ' cannot be too big.
Proposition 2.1. Let B c A and ' be as above. If B c A has finite depth, then
' is compact.
Proof. Since B c A has finite depth, there is a ko > 0 such that, for all j > ko, BJ+1 
.2.1 in [19], we can assume that 0 is of the form a ? a, where mod (a) = A and a is a standard automorphism on B c A with respect to some generating tunnel Bk . By [ 13], Nk = (Bk 0g R0, 1) x ,&? Z gives rise to a tunnel of N c M and Nkf n M = (B I n A)a; also the two tunnels share the same Jones projections. The finite depth condition of N c M then implies that the sequence {Bk n Aa} is periodic. Since Bk n Aa T Aa, Aa is a type I1i
factor; likewise so is Ba . Using Lemma 2.2, we deduce that a has finite order, say m. it was shown that there exist uncountably many nonconjugate type III, inclusions with Ao, as the type III principal graph and An as the type II graph for any n > 1. Thus the finite depth condition in 2.3 is necessary.
For any other AFD type III, pair Q c P satisfying the same hypotheses and having the same type II and type III towers as N c M, by the same argument as above, there is a standard automorphism fi with period m on B c A such that Bk n Aa c Bk n A is isomorphic to Bk n AA c Bk n A. It follows that
The type III case, however, as we will see, is quite different. We recall that any type III inclusion of factors admits a common continuous decomposition [12] . The next proposition has also been obtained independently by Popa in As the preceding propositions indicate, for an inclusion of AFD type III, factors with A E (0, 1], the relation between the type III and type II towers is quite interesting. It is in the course of computing these towers explicitly in the index = 4 case that we realize that a proof of a result of Izumi and Kawahigashi in [6] on the number of nonconjugate AFD type I1 subfactors of R based on automorphisms can be obtained. According to [18] , such subfactors are in a one-to-one correspondence with the elements of a certain third cohomology group. The proof in [6] that there are n -2 nonconjugate pairs of AFD type I1i factors with the Coxeter-Dynkin diagram Dn as the principal graph is based on an explicit calculation of the connection of the paragroup, which was introduced in [1 5], corresponding to such a pair of factors. Thus it might be of some interest that the automorphism approach is also useful in the classification problem for subfactors.
Before we get into the details of the proof, we need to recall certain facts from [14] .
Let N c M be a pair of AFD type I1 factors with An, n > 2, as principal
graph. Note that in this paper An has 2n vertices. Then there exists a period 2 outer automorphism a on N c M, which is standard with respect to some generating tunnel and such that the pair of fixed-point algebras Na c Ma are type I1 factors with Dn+2 as the principal graph. By Takesaki duality, there exists a period 2 outer automorphism /J on B c A such that (B xf Z2 C A xfl Z2) -(N c M). The idea of our proof consists of showing that a and /J with the properties above are unique up to outer conjugacy on the respective inclusion of factors.
We begin with a simple lemma. In the following, all factors are assumed to be AFD of type Il a. A x a) , then a is weakly inner on BcA. 
Lemma 2.7. Let B c A be factors with finite index and finite depth. Let a be a nontrivial standard automorphism on B c A with respect to a generating tunnel {Bk} . Then a is outer on each of the factors, * * * C Bk C ... C B c A. Proof. Clearly a is outer on B because it is standard and nontrivial-similarly on Bk for each k. If a = Adu, for some u E M, then al must be inner on B for some 1 and hence is trivial. Hence a has finite order, so Ba and Ba are factors. But then Aa is the basic extension of Ba c Ba and hence is a factor and u is a scalar, so a = Id, a contradiction. Hence a must be outer on A. Q.E.D.
The following notion of strongly or properly outer actions on a pair of factors B c A was introduced in [1, 20]: a E Aut(A, B) is called strongly or properly outer on B c A if there is no nonzero a e A such that aa(x) = xa, for x e B. The opposite notion to strongly outerness is that of weakly innerness; namely, a e Aut(A, B) is called weakly inner on B c A if there is a nonzero a e A such that aa(x) = xa, for all x e B. Note that if B' n A = C, then this condition means that there is a unitary u e A such that a = Ad u on B. By
Proposition 7 in [1], if (B' n A)a $ (B x a)' n (
Proposition 2.8. Let a be a standard automorphism with finite order on B c A with respect to a generating tunnel {Bk}. Then the predual ,B of a is weakly inner on Ba c Aa for some k less than or equal to the depth of B c A. Proof. We have (Bka xf Zn C Aa xf Zn) -(Bk c A), for all k. Hence
(Ba Xfl Zn)' n (Aa Xfs Zn) -B' n A. On the other hand, ((Ba)' n Aa)g c (Ba)f n Aa = (Bk n A)a, which is strictly contained in B' n A for some k not exceeding the depth of B c A because
If the principal graph is b4, then either A = B xO Z4 or A = B x 0 (Z2 @ Z2)
for some outer action 0.
In the first case, the same argument as above shows that up to an inner perturbation by a unitary in B, ,B = Ad u002, so it is unique.
In the second case, set G = Z2 ( Z2, and let ui, i e G, be the implementing unitaries of 0. Then as above fl = Adui~0 for some i e G and j e G.
We will show that all automorphisms on B c A having these forms are outer conjugate to each other. First, by the classification up to conjugacy of finite group actions on the AFD type I1i factor in [7] , for any i, j e G, there is an automorphism fo on B such that ~o0i-l = -j. Using standard arguments, fo can then be extended to an automorphism on B x0 G which intertwines the dual action 0 . It follows that ~o(AdUIAk)V1I = Ad UjOk, for any i, j e G and any k e G. Now it remains to show that Ad u i is outer conjugate to Ad uO k for some i, j e G and any j, k e G, with j $ k. Again, by the classification of finite group actions on R in [7] , there exists an automorphism fo on B x0 G which permutes the dual action in such a way that . 1 1. (1) It should be noted that the arguments in Theorem 2.10 can also be made to work for more general automorphisms, not just for those with period 2.
(2) It follows from Theorem 2.10 that the automorphism constructed in [9] based on the orbifold method is outer conjugate to the standard one constructed in [14] .
